First order stochastic dominance is a partial order on the n-simplex that plays an important role in the establishment of structural results for MDPs and POMDPs. We study the strength of this partial order in terms of how likely it is for two random points on the n-simplex to be first order stochastically comparable. Interestingly, the calculations involve the Catalan numbers.
Introduction
Computing the optimal policy for a Markov decision process (MDP) with a large number of states can be prohibitively expensive. Knowing that the optimal policy posesses a certain structure can reduce the search space significantly. This is the motivation behind works that establish conditions under which structural results hold. Often, first order stochastic dominance is a key tool for the result. For example, the condition that in every transition matrix, each row first order stochastically dominates the previous one is one of the conditions in Theorem 3.3.1 in [Krishnamurthy, 2015] that guarantees monotonicity of the optimal policy. Similar structural results hold for partially observable MDPs (POMDPs). For example, in the setup of an optimal maintenance problem, [Jin, 2011] proves that the value function is monotone with respect to the first order stochastic dominance partial ordering of the belief states.
Motivated by the importance of the first order stochastic dominance partial order, the purpose of this paper is to analyse its restrictiveness by calculating the probability that two random points on the n-simplex are first order stochastically comparable. We proceed by introducing the definitions and facts necessary to prove our main result:
Theorem. Let n ∈ N. The probability that two random points on the n-simplex are first order stochastically comparable is 2 n+1 .
Preliminaries
Definition 2.1. Let n ∈ N and u > 0 a real number. The set
is called the n-simplex (of size u). If u = 1, then ∆ n = ∆ n,1 is called the standard n-simplex.
Definition 2.2. Let n ∈ N, u > 0 and x = (x 0 , . . . , x n ), x = (x 0 , . . . , x n ) ∈ ∆ n,u . We say that x first order stochastically dominates x and write x ≤ s x if n i=k x i ≤ n i=k x i for each 0 ≤ k ≤ n. Remark 2.3. For n = 1, any two points on the 1-simplex (a line) are first order stochastically comparable but already for n = 2 there exist points that are not. Indeed, for x = ( 1 3 , 1 3 , 1 3 ) and
The following lemma shows that given the last coordinate, first order stochastic dominance can be verified in one dimension less:
Then a ≤ s x (in ∆ n,u ) if and only if (a 0 , . . . , a k−2 , a k−1 + · · · + a n − x n , 0, . . . , 0) ≤ s (x 0 , . . . , x n−1 ) (in ∆ n−1,u−xn ).
Proof. This is an easy exercise.
Lemma 2.5. Let n ∈ N, u > 0. Then the volume Vol(∆ n,u ) of ∆ n,u is √ n+1 n! u n . Proof. Follows from [Batominovski, 2018] and [Ellis, 1976] . Lemma 2.9 is the key ingredient in the proof of our main result (Theorem 3.1). It makes use of the following notations:
(2) For h ∈ H k (n) and 0 ≤ i ≤ n we denote by d i (h) the degree of x i in h.
(3) Recall that the multinomial coefficient is defined as
For h ∈ H k (n) we denote
.
(4) For h ∈ H k (n) and (a 0 , . . . , a n ) ∈ ∆ n,u we denote by h (a 0 ,...,an)
the assignment of a i in x i for each 0 ≤ i ≤ n.
(5) Let a = (a 0 , . . . , a n ) ∈ ∆ n,u and 0 ≤ k ≤ n. Define S(a, k) = n i=k a i .
(6) Let n ∈ N, u > 0 and a = (a 0 , . . . , a n ) ∈ ∆ n,u . Define ∆ n,u ≥sa = {x ∈ ∆ n,u |x ≥ s a}.
(7) Let n ∈ N and a ∈ ∆ n,u . Whenever we write X ≥ s a we tacitly mean that X is a random variable with values in ∆ n,u .
Remark 2.7. The set H k (n) consists of the distinct monomials (without their coefficients) appearing in the expansion of x 0 (x 0 + x 1 ) · · · (x 0 + · · · + x n−1 ) that contain no x i for k ≤ i ≤ n.
Lemma 2.8. Let n ∈ N. Then |H n (n)| = (2n)! n!(n+1)! . Proof. It is well known that one of the interpretations of the Catalan numbers is the order of H n (n) ( [Stanley, 2013 , y 6 on p. 19]).
Lemma 2.9. Let n ∈ N, u > 0 and a = (a 0 , . . . , a n ) ∈ ∆ n . Then
Proof. We proceed by induction on n. Let n = 1, u > 0 and a = (a 0 , a 1 ) ∈ ∆ 1,u . Then
Assume that the claim holds for n. We shall prove it for n+1: Let u > 0 and a = (a 0 , . . . , a n+1 ) ∈ ∆ n+1,u . Then Vol(∆ n,u−x n+1 ) √ n + 1 P [X ≥ s (a 0 , . . . , a n−1 , S(a, n) − x n+1 )]dx n+1 + S(a,n−1)
S(a,n)
Vol(∆ n,u−x n+1 ) √ n + 1 P [X ≥ s (a 0 , . . . , a n−2 , S(a, n − 1) − x n+1 , 0)]dx n+1 + · · · + u S(a,1) D(h)h x n−1 d n−1 (h) + 1 (a 0 ,...,a n−1 ,0) 1 (a 0 ,...,an) .
Thus, we need to show that
To this end let h ∈ H k (n) for some 0 ≤ k ≤ n. Thus, h = x i 0 · · · x i n−1 for some
It follows that h = hx k = x i 0 · · · x i n−1 x k ∈ H k (n + 1) ⊆ H n+1 (n + 1).
Furthermore, for 0 ≤ i ≤ n:
Converesely, let h ∈ H n+1 (n + 1). Then there are 0 ≤ i j ≤ j, 0 ≤ j ≤ n such that h = x i 0 · · · x i n . Let 0 ≤ k ≤ n be maximal such that d k (h ) > 0 and let 0 ≤ l ≤ n be maximal
Consider 0 ≤ j ≤ l − 1. Then i j = i j ≤ j. Now let l ≤ j ≤ n − 1. We have i j = i j+1 < k = i l ≤ l ≤ j. By defintion of k, i j ≤ k for each 0 ≤ j ≤ n − 1. Thus, h ∈ H k (n) and we conclude that (2) holds.
Remark 2.10. It is interesting to notice that while the monomials appearing in the expression of the probability in the previous lemma stem from the expansion of x 0 (x 0 + x 1 ) · · · (x 0 + · · · + x n−1 ), their coefficients are the corresponding coeffients in the expansion of (x 0 + · · · + x n−1 ) n .
Main result
Theorem 3.1. Let n ∈ N, u > 0 and let X 1 , X 2 be two random variables with values in ∆ n,u . Then P [X 1 and X 2 are first orderstochastically comparable] = 2 n + 1 .
Proof. It holds P [X 1 and X 2 are first order stochastically comparable] =
da Theorem 1.1 in = [Lassarre, 2019] 2n! u n h∈Hn(n) D(h) d 0 (h)! · · · d n−1 (h)! n! h n n! (2n)! u(1,...,1) = 2(n!) 2 (2n)! |H n (n)| = 2 n + 1 .
Remark 3.2. There is an additional important partial order on thse n-simplex, namely the monotone likelihood ratio (MLR) that is defined as follows: Let x = (x 0 , . . . , x n ), x = (x 0 , . . . , x n ) ∈ ∆ n,u . We say that x dominates x with respect to the MLR order and write x ≥ r x if
x i x j ≤ x i x j , 0 ≤ i < j ≤ n.
It is well known that MLR dominance implies first order stochastic dominance ( [Krishnamurthy, 2015, Theorem 4.1.3] ). Simulations suggest that the probability that two random points on the nsimplex are MLR comparable is 2 (n+1)! . We intend to try to prove this.
